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We prop osea new statistical method for constructing a genetic network from microarra y
geneexpression data by using a Bayesian network. An essential point of Bayesian network
construction is the estimation of the conditional distribution of each random variable.
We consider �tting nonparametric regression models with heterogeneouserror variances
to the microarra y gene expression data to capture the nonlinear structures between
genes. Selecting the optimal graph, which gives the best representation of the system
among genes, is still a problem to be solved. We theoretically derive a new graph selec-
tion criterion from Bayes approach in general situations. The prop osed method includes
previous methods based on Bayesian networks. We demonstrate the e�ectiv enessof the
prop osedmethod through the analysis of Saccharomyces cerevisiae geneexpression data
newly obtained by disrupting 100 genes.

Keywor ds: Genetic network; Bayesian network; nonparametric regression; hetero-
scedasticity.

1. In tro duction

Due to the development of the microarray technology, constructing geneticnetwork
receives a large amount of attention in the �elds of molecular biology and
bioinformatics.3{ 5;14;15;20;21;25;26;33;35;41;42;45;47 However, the dimensionality and
complexity of the data disturb the progressof the microarray geneexpressiondata
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analysis. That is to say, the information that we want is buried in a huge amount
of the data with noise. In this paper, we propose a new statistical method for
constructing a genetic network that make capture even the nonlinear relationships
betweengenesclearer.

A Bayesian network10;19;34 is an e�ectiv e method in modeling phenomena
through the joint distribution of a large number of random variables. In recent
years, some interesting works have been established in constructing genetic net-
works from microarray geneexpressiondata by using Bayesiannetworks. Friedman
and Goldszmidt18 discretizedthe expressionvaluesand assumedmultinomial distri-
butions asthe candidate statistical models.Pe'er et al.42 investigatedthe threshold
value for discretizing. On the other hand, Friedman et al.21 pointed out that the dis-
cretizing probably losesinformation from the data. In fact, the number of discretiz-
ing valuesand the thresholdsare unknown parameters,which have to be estimated
from the data. The resulting network strongly depends on their values. Then
Friedman et al.21 considered�tting linear regressionmodels,which analyzethe data
in the continuous(seealsoHeckermanand Geiger29). However, the assumptionthat
the parent genesdepend linearly on the objective geneis not always guaranteed.
Imoto et al.33 proposed the use of nonparametric additiv e regression models
(see also Green and Silverman23 and Hastie and Tibshirani 27) for capturing not
only linear dependenciesbut alsononlinear structures betweengenes.In this paper,
we proposea method for constructing the genetic network by using Bayesiannet-
works and the nonparametric heteroscedasticregression,which is more resistant to
the e�ect of outliers. We observe that most geneexpressiondata show heteroscedas-
ticit y. Recently , several normalizing or variance stabilizing transformations of gene
expressiondata have beenproposed.17;24;32 Sowe believe that the modeling, which
takes the e�ects of the heteroscedasticity and outliers into account, is a key to
analyzing geneexpressiondata and the extraction of valuable information.

Once we set the graph, we have to evaluate its goodnessor closenessto the
true graph, which is completely unknown. Hence, the construction of a suitable
criterion becomesthe center of attention of statistical genetic network modeling.
Friedman and Goldszmidt20 used the BDe criterion, which was originally derived
by Cooper and Herskovits9 for choosinga graph (seealso Heckerman et al.30). The
BDe criterion only evaluates the Bayesiannetwork model basedon the multinomial
distributions and Dirichlet priors. However, Friedman and Goldszmidt20 kept the
unknown hyperparametersin Dirichlet priors and we only set up the valuesexperi-
mentally . We investigatethe graph selectionproblem asa statistical model selection
or evaluation problem and theoretically derive a new criterion for choosinga graph
using the Bayes approach (see Berger7). The proposed criterion automatically
optimizes all parameters in the model and gives the optimal graph when we can
scoreall candidate graphs. However, for inferring a genetic network with a lot of
genes,it is di�cult or often impossible to score all candidate graphs. Then we
employ the greedy hill-clim bing algorithm for obtaining better genetic networks.
In addition, our proposedmethod includes the previous methods for constructing
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genetic network based on continuous data and Bayesian networks. To show the
e�ectiv enessof the proposedmethod, we use the Monte Carlo simulation method.
We also analyze geneexpressiondata of Saccharomyces cerevisiae newly obtained
by disrupting 100 genes.

2. Bayesian Net work and Nonparametric Heteroscedastic
Regression Mo del

2.1. Nonline ar Bayesian network model

Let X = (X 1; : : : ; X p)T be a p-dimensional random variable vector. The nota-
tion aT denotes the transpose of a. We consider a gene as a random variable.
Under the Bayesian network framework, we consider a directed acyclic graph G
and Markov assumption betweennodes.The joint probabilit y is then decomposed
into the product of conditional probabilities, that is, P(X 1; : : : ; X p) = P(X 1jP 1) �
� � � � P(X p jP p), where P j = (P ( j )

1 ; : : : ; P ( j )
qj )T is a qj -dimensional vector of parent

variables of X j in the graph G. This decomposition holds when we use densities
instead of probabilit y measure, f (X 1; : : : ; X p) = f 1(X 1 jP 1) � � � � � f p(X p jP p).
Hence,an essential point for constructing a genetic network basedon a Bayesian
network is the construction of each conditional density. In general, the density is
speci�ed by in�nite dimensionalparameters.We then parameterizethe conditional
densities as f j (X j jP j ; � j ) for j = 1; : : : ; p and the issue of the construction of
f j (X j jP j ) is recast as the estimation of its parameter � j .

Suppose that we have n sets of array data f x 1; : : : ; x n g of p genes,where
x i = (x i 1; : : : ; x ip )T . We model the probabilistic system generating the data by
the parametric model

f (x i 1; : : : ; x ip ; � G ) =
pY

j =1

f j (x ij jpij ; � j ) ; i = 1; : : : ; n ; (1)

where pij = (p( j )
i 1 ; : : : ; p( j )

iq j
)T are qj -dimensional parent observation vectors of x ij

in the graph G and � G = (� T
1 ; : : : ; � T

p )T . For example, when gene2 and gene3
are parent genesof gene1, we seep i 1 = (x i 2; x i 3)T for i = 1; : : : ; n. We extract
information from the data basedon this probabilistic model.

Imoto et al.33 proposed the use of nonparametric regressionstrategy for cap-
turing the nonlinear relationships between x ij and p ij and suggestedthat there
are many nonlinear relationships betweengenes.The linear model therefore hardly
achieves a su�cien t result. In many cases,this method can capture the objective
relationships very well. When the data, however, contain outliers especially near
the extreme values of the parent genes,nonparametric regressionmodels some-
times lead to unsuitable smoothed estimates,i.e. the estimated curve exhibits some
spurious wavinessdue to the e�ects of the outliers. Sincewhat is estimated is the
system of a living nature, a too complicated relationship is unsuitable. In fact,
this inappropriate caseunfortunately sometimesoccurs in the analysisof real data.
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To avoid this problem, we consider �tting a nonparametric regressionmodel with
heterogeneouserror variances

x ij = m j 1(p( j )
i 1 ) + � � � + m j qj (p( j )

iq j
) + " ij ; (2)

where " ij depends independently and normally on mean 0 and variance � 2
ij and

mj k (�) is a smooth function from R to R. Here R denotesa set of real numbers.
This model includes Imoto et al.'s model33 and, clearly, the linear regressionmodel
as special cases.In general,each smooth function m j k (�) is characterized by the n
valuesm j k (p( j )

1k ); : : : ; m j k (p( j )
nk ) and the system(2) contains (n � qj + n) parameters.

Then the number of the parameters in the model is much larger than the number
of observations and it has a tendency toward unstable parameter estimates.In this
paper, we construct the smooth function m j k (�) by the basis functions approach

mj k (p( j )
ik ) =

M j kX

m =1


 ( j )
mk b( j )

mk (p( j )
ik ) ; k = 1; : : : ; qj ;

where 
 ( j )
1k ; : : : ; 
 ( j )

M j k k are unknown coe�cien t parameters and b( j )
1k (�); : : : ; b( j )

M j k k (�)

are basis functions. From this representation, the n parameters m j k (p( j )
1k ); : : : ;

mj k (p( j )
nk ) are reparameterizedby the M j k coe�cien t parameters 
 ( j )

1k ; : : : ; 
 ( j )
M j k k .

We strongly recommendthe use of nonparametric regressioninstead of linear
regression,becauselinear regressioncannot decidethe direction of the Bayescausa-
lit y or leads to the wrong direction in many cases.We show the advantage of the
proposedmodel comparedwith linear regressionthrough a simpleexample.Suppose
that wehavedata of gene1 and gene2 in Fig. 1(a). We considerthe two modelsgene1
! gene2 and gene2 ! gene1, and obtain the smoothed estimatesshown in Figs. 1(b)
and 1(c), respectively. We decidethat the model (b: gene1 ! gene2) is better than
(c: gene2 ! gene1) by the proposedcriterion, which is derived in a later section(the
scoresof the modelsare (b) 120.6(c) 134.8).Sincewe generatedthis data from the
true graph gene1 ! gene2, our method yields the correct result. Note that in this
casethe true model can be represented exactly by Eq. (2) by choosing parameters
suitably. In addition, the true systemunderlying betweengene1 and gene2 is almost
the sameas the curve shown in Fig. 1(b). On the other hand, if we �t the linear
regressionmodel to this data, the model (c) is chosen(the scoresare (b) 156.0(c)
135.8). The method, which is basedon linear regression,yields an incorrect result
in this case.Consider the casethat the relationship is almost linear. Our method
and linear regressioncan �t the data appropriately. However, it is clearly di�cult
to decidethe direction of Bayescausality. In such a case,the direction is not strict.

In the error variances,� 2
ij , we assumethe structures,

� 2
ij = w� 1

ij � 2
j ; i = 1; : : : ; n; j = 1; : : : ; p ; (3)

where w1j ; : : : ; wnj are constants and � 2
j is an unknown parameter. By setting up

the constants w1j ; : : : ; wnj in re
ecting the feature of the error variances,we can
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Fig. 1. Simulated data: The true causality is gene1 ! gene2 . (a) Scatter plot of the simulated
data. (b) Smoothed curve of the graph gene1 ! gene2 . (c) Smoothed curve of the graph gene2 !
gene1 . These curves are obtained by the prop osed method.

represent the heteroscedasticity of the data. Combining (2) and (3), we obtain a
nonparametric regressionmodel with heterogeneouserror variances

f j (x ij jpij ; 
 j ; � 2
j ) =

 
wij

2� � 2
j

! 1=2

exp

2

4�
wij

2� 2
j

(

x ij �
qjX

k=1


 T
j k bj k (p( j )

ik )

) 2
3

5 ; (4)

where 
 j k and bj k (p( j )
ik ) are M j k -dimensional vectors given by, respectively, 
 j k =

(
 ( j )
1k ; : : : ; 
 ( j )

M j k k )T and bj k (p( j )
ik ) = (b( j )

1k (p( j )
ik ); : : : ; b( j )

M j k k (p( j )
ik ))T . If the j th genehas

no parent genesin the graph, we specify f j by the normal distribution with mean
� j and variance � 2

j . Hence, we de�ne the Bayesian network and nonparametric
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heteroscedasticregressionmodel by replacing each conditional density in (1) with
(4) or normal density with mean � j and variance � 2

j .

2.2. Criterion for choosing graph

Once we set a graph, the statistical model based on the Bayesian network and
nonparametric heteroscedasticregressioncan be constructed and be estimated by
a suitable procedure.However, the problem that still remains to be solved is how
we can choose the optimal graph, which gives a best approximation of the sys-
tem underlying the data. Notice that we cannot use the likelihood function as a
model selectioncriterion, becausethe value of likelihood becomeslarge in a more
complicated model. Hence,we need to consider the statistical approach basedon
the generalizedor predictive error, Kullback{Leibler information, Bayesapproach
and so on (seee.g. Akaike,1 Burnham and Anderson,8 Konishi37 and Konishi and
Kitagawa38 for the statistical model selectionproblem). In this section,weconstruct
a criterion for evaluating a graph basedon our model from Bayesapproach.

The posterior probabilit y of the graph � (GjX n ) is obtained by the product of
the prior probabilit y of the graph � G and the marginal probabilit y of the data
divided by the standardizing constant. By removing the standardizing constant,
the posterior probabilit y of the graph is proportional to

� (GjX n ) / � G

Z nY

i =1

f (x i ; � G )� (� G j� )d� G ; (5)

where X n = (x 1; : : : ; x n )T is an n � p genepro�le matrix, � (� G j� ) is the prior
distribution on the parameter � G satisfying log � (� G j� ) = O(n) and � is the hyper-
parameter vector. Under Bayes approach, we can choosethe optimal graph such
that � (GjX n ) is maximum. A crucial problem for constructing a criterion basedon
the posterior probabilit y of the graph is the computation of the high dimensional
integration (5). Heckerman and Geiger29 used the conjugate priors for solving the
integral and gave a closed-form solution. To compute this high dimensional inte-
gration, we useLaplace's approximation 12;28;46 for the integrals

Z nY

i =1

f (x i ; � G )� (� G j� )d� G =
(2� =n)r =2

jJ � (�̂ G )j1=2
expf nl � (�̂ G jX n )gf 1 + Op(n� 1)g ;

wherer is the dimensionof � G , l � (� G jX n ) =
P n

i =1 log f (x i ; � G )=n+ log � (� G j� )=n;
J � (� G ) = � @2f l � (� G jX n )g=@� G @� T

G and �̂ G is the mode of l � (� G jX n ). Then we
de�ne the Bayesiannetwork and nonparametric heteroscedasticregressioncriterion,
named BNRCheter o, for selectinga graph

BNRCheter o(G) = � 2 log

(

� G

Z nY

i =1

f (x i ; � G )� (� G j� )d� G

)

� � 2 log� G � r log(2� =n) + log jJ � (�̂ G )j � 2nl � (�̂ G jX n ) : (6)
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The optimal graph is chosen such that the criterion BNRCheter o (6) is minimal.
The merit of the useof the Laplace method is that it is not necessaryto consider
the useof the conjugate prior distribution. Hencethe modeling in the larger classes
of distributions of the model and prior is attained.

Supposethat the parametervectors� j areindependent of oneanother. The prior
distribution can then be decomposed into � (� G j� ) =

Q p
j =1 � j (� j j� j ). Therefore,

log jJ � (� G jX n )j and nl � (� G jX n ) in (6) result in, respectively,

log jJ � (� G jX n )j =
pX

j =1

log

�
�
�
�
�
�

@2l � j (� j jX n )

@� j @� T
j

�
�
�
�
�

;

l � (� G jX n ) =
pX

j =1

l � j (� j jX n ) ;

where l � j (� j jX n ) = log f j (x ij jpij ; � j )=n + log � j (� j j� j )=n. Here � j is the hyper-
parameter vector. Henceby de�ning

BNRC( j )
heter o = � 2 log

( Z
� L j

nY

i =1

f j (x ij jpij ; � j )� j (� j j� j )d� j

)

;

where � L j are prior probabilities satisfying
P p

j =1 log � L j = log � G , the BNRCheter o

scoreis given by the sum of the local scores

BNRCheter o(G) =
pX

j =1

BNRC( j )
heter o : (7)

The smoothed estimates based on nonparametric heteroscedasticregressionare
obtained by replacing the parameters
 j by 
̂ j . Noticed that we derive the criterion,
BNRCheter o, under the assumption log � (� G j� ) = O(n). If we usethe prior density
satisfying log � (� G j� ) = O(1), the BNRCheter o scoreresults in Schwarz's criterion
known as BIC or SIC44. In such case,the mode �̂ G is equivalent to the maximum
likelihood estimate. When l � j (� j jX n ) hasa complexsurface,the useof the Laplace
approximation is inappropriate. For our model, wecheckedthe surfaceof l � j (� j jX n )
as much as possibleand we observed that the surface is convex. We presumethe
reasonis the useof basisfunction approach. Due to the basisfunction approach, the
number of parameters is relatively small comparedwith other nonlinear modeling
techniquessuch as neural networks.

3. Estimating Genetic Net work

3.1. Nonp ar ametric regression

In this section we present the method for constructing genetic network in practice
basedon the proposedmethod described above. First we would like to mention the
nonparametric regressionmodel. In the additiv e model, we construct each smooth
function m j k (�) by B -splines.13;33 Figure 2 is an example of B -splines smoothed
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Fig. 2. The �tted curve to simulated data: The thin curves are B -splines that are weighted by
coe�cien ts and the thic k curve is the smoothed estimate that is obtained by the linear combination
of the weighted B -splines.

curve. The thin curves are B -splines that are weighted by coe�cien ts and thick
line is a smoothed curve that is obtained by the linear combination of weighted
B -splines.Radial basisfunctions6 form an alternativ e choice for the basisfunction.
Radial basis function models can describe the interaction of the parent genes
naturally .

In the error variances, we consider the heteroscedasticregressionmodel and
assumethe structure (3). Choosingconstants w1j ; : : : ; wnj is an important problem
for capturing the heteroscedasticity of the data. In this paper, we set the
weights

wij = g(pij ; � j ) = expf� � j kp ij � �pj k2=2s2
j g; (8)

where � j is a hyperparameter, �pj =
P n

i =1 pij =n and s2
j =

P n
i =1 kpij � �pj k2=nqj . If

we set � j = 0, the weights are w1j = � � � = wnj = 1 and the model hashomogeneous
error variances.If we usea large value of � j , the error variancesof the data, which
exist near the extreme values of the parent genes,are large. Hence, if there are
outliers near the extreme values of the parent genes,we can reduce their e�ect
and gain the suitable smoothed estimatesby using the appropriate value of � j . In
addition, several choicesarepossiblefor setting �pj in (8). For example,the medianof
p1j ; : : : ; pnj canbeusedand possiblyachievemore robustnessagainst the outliers in
the parent genes.For capturing the heteroscedasticity, the selforganizingstate space
model, which allows for heterogeneouserror variances,is a powerful alternativ e to
deal with a nonparametric smooth curve estimation. For examples,seeKitagawa36

for a methodological intro duction and Higuchi and Kitagawa31 for an illustrativ e
application suited for the problem dealt with in this paper.
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3.2. Priors

Suppose that the prior distribution � j (� j j� j ) is factorized as � j (� j j� j ) =Q qj

k=1 � j k (
 j k j� j k ); where � j k are hyperparameters.We usea singular M j k variate
normal distribution as the prior distribution on 
 j k ,

� j k (
 j k j� j k ) =
�

2�
n� j k

� � (M j k � 2)=2

jK j k j1=2
+ exp

�
�

n� j k

2

 T

j k K j k 
 j k

�
; (9)

where K j k is an M j k � M j k symmetric positive semide�nite matrix satisfying

 T

j k K j k 
 j k =
P M j k

� =3 (
 ( j )
�k � 2
 ( j )

� � 1;k + 
 ( j )
� � 2;k )2.

Next we consider the prior probabilit y of the graph � G . Friedman and
Goldszmit20 employed the prior basedon the MDL encoding of the graph. In our
context, the marginal probabilit y of the data is equivalent to the type I I likelihood22

with hyperparameters.Thus we set the prior probabilit y of the graph, � G ,

� G = expf� (No: of hyperparameters)g =
pY

j =1

expf� (qj + 1)g =
pY

j =1

� L j :

The justi�cation of this prior is basedon Akaike's Bayesian information criterion,
known as ABIC 2, and Akaike's information criterion, AIC 1.

3.3. Criterion

We derived the criterion, BNRCheter o, for choosing the graph in a general frame-
work. By using the Eq. (7), the BNRCheter o scoreof the graph can be obtained by
the sum of the local scores,BNRC( j )

heter o. The result is summarizedin the following
theorem.

Theorem 1. Let f (x i ; � G ) be a Bayesian network and nonparametric hete-
roscedastic regression model given in Sec. 2:1; and let � (
 j k j� j k ) be the prior
densities on the parameters 
 j k de�ned by (9): Then a criterion for evaluating
graph is given by BNRCheter o =

P p
j =1 BNRC( j )

heter o; where

BNRC( j )
heter o = 2(qj + 1) �

 qjX

k=1

M j k + 1

!

log
�

2�
n

�

�
nX

i =1

logwij + n log(2� �̂ 2
j ) + n

+
qjX

k=1

f log j� j k j � M j k log(n�̂ 2
j )g � log(2�̂ 2

j )

+
qjX

k=1

(

(M j k � 2) log

 
2� �̂ 2

j

n� j k

!

� log jK j k j+ +
n� j k

�̂ 2
j


̂ T
j k K j k 
̂ j k

)

;
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with

� j k = B T
j k Wj B j k + n� j k K j k ; (M j k � M j k ) ;

B j k = (b( j )
1k (p( j )

1k ); : : : ; b( j )
M j k k (p( j )

nk ))T ; (n � M j k ) ;

Wj = diag(w1j ; : : : ; wnj ) ; (n � n)

�̂ 2
j =

nX

i =1

wij

(

x ij �
qjX

k=1


̂ T
j k bj k (p( j )

ik )

) 2,

n :

Here we approximate the Hessian matrix by

log

�
�
�
�
�
�

@2l � j (� j jX n )

@� j @� T
j

�
�
�
�
�

�
qjX

k=1

log

�
�
�
�
�
�

@2l � j (� j jX n )

@
 j k @
 T
j k

�
�
�
�
�
+ log

�
�
�
�
�
�

@2l � j (� j jX n )
@(� 2

j )2

�
�
�
�
�

:

�

3.4. Learning network

In the Bayesiannetwork literature, it is shown that determining the optimal network
is an NP-hard problem. In this paper, we usethe greedyhill-clim bing algorithm for
learning network as follows:

Step 1. Make the scorematrix whose(i; j )th element is the BNRC( j )
heter o scoreof

the graph genei ! genej .

Step 2. For each gene, implement one of three proceduresfor an edge: \add",
\remove", \rev erse", which givesthe smallest BNRCheter o.

Step 3. Repeat Step 2 until the BNRCheter o doesnot reduce.

Generally, the greedy hill-clim bing algorithm has many local minima and the
result depends on the computational order of variables. To avoid this problem,
we permute the computational order of genesand make many candidate learning
orders in Step 3. Another problem of the learning network is that the search space
of the parent genesis enormously wide, when the number of genesis large. Then
we restrict the set of the candidate parent genesbasedon the scorematrix, which
is given by Step 1.

3.5. Hyp erpar ameters

Consider the nonparametric regressionmodel de�ned in (4). The estimate �̂ j is
a mode of l � j (� j jX n ) and depends on the hyperparameters. In fact, the hyper-
parameter plays an essential role for estimating the smoothed curve.

In our model, we construct the nonparametric regressionmodel by 20 B -splines.
We con�rmed that the di�erences of the smoothed estimates against the various
number of the basis functions cannot be found visually. Becausewhen we use a
somewhat large number of the basis functions, the hyperparameters control the
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Fig. 3. The smoothed estimates by the various values of the hyperparameters. (a1): The e�ect of
hyperparameter � j k = �̂ 2

j � j k in the prior distribution of the coe�cien ts of B -splines. This para-
meter can control the smoothness of the �tted curve. (b1) and (c1): The e�ect of hyperparameter
� j in the parameter of the error variances. This parameter can capture the heteroscedasticity of
the data and can reduce the e�ects of outliers.
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smoothnessof the �tted curves.Figure 3(a1) showsthe scatter plot of YGL237C and
YEL071W with smoothed estimates for 3 di�eren t valuesof the hyperparameters.
The details of the data are shown in later section. Clearly, the smoothed estimate
strongly dependson the valuesof the hyperparameters.Figure 3(a2) is the behavior
of the BNRCheter o criterion of the two genesin Fig. 3(a1). We can choose the
optimal value of the hyperparameter as the minimizer of the BNRCheter o and
the optimal smoothed estimate (solid curve in Fig. 3(a1)) can capture the structure
between these geneswell. The dashedand dotted curves are near the maximum
likelihood estimate and the parametric linear �t, respectively.

The e�ect of the weight constants w1j ; : : : ; wnj is shown in Figs. 3(b1) and
3(c1). If we use the nonparametric homoscedasticregressionmodel33, we obtain
the dashedcurve, which exhibits somespurious waviness due to the e�ect of the
data in the upper-left corner Fig. 3(b1). By adjusting the hyperparameter � j in
(8), the estimated curve results in the solid curve. The optimal value of � j is also
chosen by minimizing the BNRCheter o criterion (see Figs. 3(b2) and 3(c2)). Of
course,when the smoothed estimate is not a�ected by outliers, the optimal value
of � j tends to zero.

Finally, we show the algorithm for estimating the smoothed curve and opti-
mizing the hyperparameters.

Step 1. Fix the hyperparameter � j .

Step 2. Initialize: 
 j k = 0, k = 1; : : : ; qj .

Step 3. Find the optimal � j k by repeating Steps3-1 and 3-2.

Step 3-1. Compute:


 j k = (B T
j k Wj k B j k + n� j k K j k )� 1B T

j k Wj k

0

@x ( j ) �
X

k 06= k

B j k 0
 j k 0

1

A ;

for �xed � j k .

Step 3-2. Evaluate: Repeat Step 3-1 against the candidate value of � j k , and choose
the optimal value of � j k , which minimizes the BNRC( j )

heter o.

Step 4. Convergence:Repeat Step 3 for k = 1; : : : ; qj ; 1; : : : ; qj ; 1; : : : until a
suitable convergencecriterion is satis�ed.

Step 5. Repeat Step 1 to Step 4 against the candidate value of � j , and choose
the optimal value of � j , which minimizes the BNRC( j )

heter o.

4. Computational Exp erimen ts

4.1. Monte Carlo simulation

We usethe Monte Carlo simulation method to show the e�ectiv enessof our method.
The data weregeneratedfrom the arti�cial network of Fig. 4(a) with the functional
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structures betweennodesas follows:

X 1 = X 2
2 + 2sin(X 5) � 2X 7 + "1 ; "1 � N (0; (4s)2) ;

X 2 = f 1 + exp(� 4X 3)g� 1 + "2 ; "2 � N (0; s2) ;

X 3 = "3 ; "3 � N (0; 1) ;

X 4 = X 2
5 =3 + " 4 ; "4 � N (0; (4s)2) ;

X 5 = X 3 � X 2
6 + "5 ; "5 � N (0; (4s)2) ;

X 6 = "6 ; "6 � N (0; 1) ;

X 7 =

8
><

>:

� 1 + " 7 ; (X 8 � � 0:5) ;

X 8 + "7 ; (� 0:5 < X 8 � 0:5) ;

1 + "7 ; (0:5 < X 8) ; "7 � N (0; (2s)2);

X 8 = exp(� X 4 � 1)=2 + " 8 ; "8 � N (0; (2s)2) ;

X 9 = "9 ; "9 � N (0; 1) ;

X 10 = cos(X 9) + "10 ; "10 � N (0; (4s)2) ;

where s is a constant. After transforming the observations of the parent variables
to mean0 and variance1, then the observations of the child variable are generated.

We generate 100 observations from this arti�cial network and our aim is to
rebuild the network in Fig. 4(a) from the simulated data. We use two di�eren t

3

2 5

6

41

7 8

9

10

(a)

3

2 5

6

41

7 8

9

10

1000
(94%)

1000
(91%) 1000

(100%)

1000
(100%)

1000
(100%)

   953
  (99%)

958
(97%)

937
  (100%)

872
  (76%)

917
  (99%)

s=0.2

(b)

3

2 5

6

41

7 8

9

10

1000
(98%)

1000
(95%) 1000

(100%)

1000
(100%)

1000
(100%)

   968
  (99%) 975

(98%)

991
  (100%)

899
  (78%)

926
  (100%)

s=0.1

(c)

Fig. 4. The results of the Monte Carlo simulations. (a) True network. (b) Result for s = 0:2:
(c) Result for s = 0:1: The number next to edge represents the number of estimated connections
from 1000Monte Carlo experiments. The percentage includes the information of the edgedirection.
For example, in s = 0:2; the connection between X5 and X1 appeared 958 times from 1000 Monte
Carlo experiments and those 97% is the correct direction (from X5 to X1).
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Table 1. The false positiv es of the Monte Carlo simulations. The number
attached after node name is the number of estimated connection without
direction information and the percentage is the direction information. For
example, in s = 0:2, the prop osed method estimated the relationship \X1
! X4" or \X1  X4" 15 times from 1000 Monte Carlo simulations and
87 percent of 15 times represents the direction from left to righ t (\X1 !
X4").

s = 0:2

X1 { X4 15 87% X6 { X3 325 81%
X6 73 99% X9 190 53%
X9 72 99% X7 { X2 12 58%

X10 10 70% X3 32 97%
X2 { X4 20 65% X4 24 71%

X6 71 87% X5 27 85%
X8 65 78% X6 12 98%
X9 120 92% X9 68 96%

X10 27 59% X10 3 67%
X3 { X1 31 55% X8 { X1 1 100%

X4 20 90% X6 139 87%
X8 66 52% X9 146 65%
X9 149 70% X10 { X3 71 87%

X4 { X6 35 51% X4 8 75%
X9 137 95% X6 139 95%

X5 { X2 9 100% X8 83 94%
X8 28 97%
X9 108 100%

X10 6 100%

s = 0:1

X1 { X4 16 100% X6 { X3 308 74%
X6 53 83% X4 4 50%
X9 68 100% X7 { X2 1 100%

X10 1 100% X3 28 100%
X2 { X4 4 100% X4 20 95%

X6 57 91% X5 18 89%
X8 31 97% X6 93 99%
X9 89 96% X9 43 98%

X10 10 80% X8 { X1 1 100%
X3 { X1 23 57% X6 154 81%

X4 5 80% X9 123 77%
X8 58 52% X9 { X6 169 51%
X9 157 69% X10 { X3 81 88%

X4 { X9 172 99% X4 9 67%
X5 { X2 8 75% X6 156 100%

X8 27 100% X7 1 100%
X9 106 100% X8 77 96%

X10 6 100%



November 5, 2003 23:27 WSPC/185-JBCB 00007

Nonline ar Modeling of Genetic Network 245

settings of the noisevariance,oneis s = 0:2 and another is s = 0:1. The observations
from the setting of the noises = 0:2 are experientially similar to the real microarray
data. The Monte Carlo simulation was repeated 1000times and we focusedon the
number of correct estimations. Figures 4(b) and 4(c) are the results of the Monte
Carlo simulations for s = 0:2 and s = 0:1, respectively.

The results of the Monte Carlo simulations can be summarized as follows: In
the setting of noisevariances = 0:2, our model can rebuild the target network very
well. Table 1 shows the false positivesof the Monte Carlo simulations and we can
seethe percentages of the false positives are almost less than ten percent. Since
the simulated data is similar to the real microarray data in the setting s = 0:2,
we can expect that our network estimation method can work e�ectiv ely in the real
data analysis. From Fig. 4(b) and 4(c) and Table 1, the number of true negatives
is much less than the number of false positives. We believe that this tendency is
preferred in the exploratory data analysis. Most false positives are related to X 3,
X 6 and X 9. Thosevariablesare all independent normals. We presumethe reasonis
similar to the problem of multiple comparisons.It is di�cult to obtain a theoretic
solution for this problem. A possible solution is the use of a threshold when we
compare two models, one model with a parent or parents and one model without
a parent. In the setting s = 0:1, our model can rebuild the target network more
precisely, and the number of false positives decreasecompared with the result of
s = 0:2.

4.2. Real data analysis

In this section we show the e�ectiv enessof our proposed method through the
analysisof Saccharomyces cerevisiae geneexpressiondata, which is newly obtained
by disrupting 100genes.Our research group hasinstalled a systematicexperimental
method, which observeschangesin the expressionlevelsof geneson a microarray by
genedisruption. By using this method, we have launched a project whosepurpose
is to reveal the generegulatory networks betweenthe 5871genesof Saccharomyces
cerevisiae. Many laboratories have also reported similar projects. We have already
collected a large number of expressionpro�les from gene disruption experiments
to evaluate genetic regulatory networks. Over 400 mutants are stocked and gene
expressionpro�les are accumulating.

We monitored the transcriptional level of 5871 genesspotted on a microarray
by a scanner. The expressionpro�les of over 400 disruptants were stored in our
database.The standard deviation (SD) of the levelsof all geneson a microarray was
evaluated. The value of SD represents roughly the experimental error. In our data,
weestimated the valueof 0.5asthe critical point of the accuracyof experiments. We
have evaluated the accuracyof those pro�les on the baseof the standard deviation
of the expressionratio of all genes.107disruptants including 68 mutants where the
transcription factors were disrupted could be selectedfrom 400 pro�les.
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We used100 microarrays and constructed a genetic network of 521 genesfrom
the above data. The 94 transcription factors whose regulating geneshave been
clearly identi�ed were found. The pro�les of the 521 genesin control by those
94 factors were selectedfrom 5871pro�les.

Bas1pand Bas2palsoactivate expressionof three genesin the histidine biosyn-
thesis pathway. In a gcn4 background, mutations that abolish the BAS1 or BAS2
function lead to a histidine auxotrophy. Previous investigation indicated that Bas1p
and Bas2p are DNA binding proteins required for transcription of HIS4 and these
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Fig. 5. The resulting partial network of the analysis of 521 Saccharomyces cerevisiae genes.
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ADE geneslike GCN4.11;16;43 In this paper, we made clear that both genetic rela-
tion. Figure 5 indicates that thoseADE genesand histidine biosynethesisgenesare
related with BAS1 more directly than GCN4. Unfortunately , the direction of the
edgesbetween BAS1 and ADE genesare reverse.We observe that, however, this
direction is ambiguous and switch easily. In fact, the scoreof the model includes
the edgefrom BAS1 to ADE genesis almost equal to that of the selectedmodel.
In such a case,the model averaging technique26 might be useful. The rib osecom-
ponent of purine rib onucleotidesis derived from rib ose5-P, an inter mediate of the
pentose phosphate cycle. The atoms of the basemoiety are contributed by many
compounds.They are addedstep wise to the preformed rib ose.There exist striking
interrelationships with the pathway for histidine synthesis.

Studies on the regulation of the purine biosynthesis pathway in Saccharomyces
cerevisiae revealedthat all the genesencoding enzymesrequired for AMP de novo
biosynthesis are repressedat transcriptional level by the presenceof extracellular
purines. ADE genesare transcriptionally activated as well as somehistidine bio-
synthesis genes.Especially the fact that expressionof HIS4 is related with ADE
geneswere known. In our regulated network, HIS4 were related with someADE
genesclosely, and some HIS genesare related with ADE geneslike HIS4. The
biosynthesisof the essential amino acid histidine shows in Saccharomycescerevisiae
shows closeconnection to purine metabolism, and our result satis�ed this fact.

5. Conclusion

In this paper we proposeda new statistical method for estimating a genetic net-
work from microarray gene expression data by using a Bayesian network and
nonparametric regression.The key idea of our method is the useof nonparametric
heteroscedasticregressionmodels for capturing nonlinear relationships between
genesand heteroscedasticity of the expressiondata. If we have a network that
represents the causalrelationship amonggenes,we can simulate the geneticsystem
on the computer, e.g.GenomicObject Net.39;40 In this stage,it is required that the
relationships betweengenesare suitably estimated. In this sense,the proposedhete-
roscedasticmodel can give an essential improvement, becausethe previous models
sometimeslead to unsuitable estimatesof the systems.We consider the simulation
of biological system as a future work.

An essential problem for network construction is the evaluation of the graph.
We investigated this problem asa statistical model selectionor evaluation problem
and derived the new criterion for selectinggraph from Bayesapproach. Our method
covers the previous methods for constructing genetic networks by using Bayesian
networks and improves them in the theoretical and methodological senses.The
proposed method successfullyextracts the e�ectiv e information and we can �nd
these information in the resulting genetic network visually. We use the simple
greedy algorithm for learning network. However, this algorithm needsmuch time
for determining the optimal graph. Hence, the development of a better algorithm



November 5, 2003 23:27 WSPC/185-JBCB 00007

248 S. Imoto et al.

is one of the important problems and we would like to discuss it in a future
paper.

We showedthe e�ectiv enessof our method through the Monte Carlo simulations
and the analysisof Saccharomycescerevisiaegeneexpressiondata and evaluated the
resulting network by comparingwith biological knowledge.Weconstruct the genetic
network without using biological information. Nevertheless,the resulting network
includes many important connections,which agreewith the biological knowledge.
Hence,we expect that our method can demonstrate its power in the analysis of a
completely unknown system, like the human genome.
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