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Abstract: We introduce functional logistic discriminant analysis (FLDA)
which is an extension of the classical method of logistic discriminant analysis
to data where predictor variables are functions or curves. FLDA approach
can effectively classify functions into two distinct classes by imposing smooth-
ness constraint on the predictor functions and coefficient function by radial
basis function expansion and regularization. In order to select the value of a
smoothing parameter, we derive an information criterion which enables us to
evaluate model estimated by regularization. The proposed method is illus-
trated through the analysis of yeast cell cycle microarray data. It is shown
that FLDA performs well especially in terms of prediction ability.

1 Introduction

Classification or discrimination technique is one of the most widely used
statistical tools in various fields of natural and social sciences. In recent years,
several techniques have been proposed for analyzing multivariate observations
with complex structure (see, for example, Hastie et al. (2001)).

The focus in the present paper will be on the problem of classifying func-
tions, where each observation can be interpreted as a discretized realization
of a function evaluated at possibly differing time points. Recently, Cardot et
al. (2003) used functional approaches for estimating land use based on the
temporal evolution of remote sensing data.

Our motivation arises from the analysis of yeast cell cycle gene expression
data which provide inference about how gene expression levels evolve in time
and how genes are dependent during a given biological process (Spellman et
al. (1998) and Luan and Li (2003)). Classification of genes enables us to
predict functions of unknown genes and to identify the set of co-regulated
genes. In the yeast cell cycle data analysis, one wish to classify genes based
on the cDNA microarray time series data.

We introduce functional discriminant analysis using Gaussian radial basis
function networks with help of regularization. It is designed to construct a
decision rule based on data given as a set of functions. We first transfer the
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vector valued observations to a set of functions. Secondly, functional logis-
tic model is constructed by using Gaussian radial basis functions and then
estimation is by regularized maximum likelihood method. In order to select
smoothing parameters, we derive model selection criterion within the frame-
work of functional data analysis by developing the generalized information
criterion due to Konishi and Kitagawa (1996).

The paper is organized as follows. In Section 2 we describe the radial
basis expansion smoothing technique which converts discrete raw data into
underlying smooth functional form. In Section 3 the new method, functional
logistic discriminant analysis, is set out and the details of its implementation
are described. Section 4 presents an application of the proposed method to
yeast cell cycle gene expression data collected by Spellman et al. (1998).

2 Radial basis smoothing techniques

In the context of functional data analysis (Ramsay and Silverman (1997)),
individual data should be considered to have a functional form in nature
even though observed data are usually recorded discretely. In addition, those
discrete raw data which are supposed to have functional form may contain
observational error. Therefore, converting raw data into underlying smooth
functional form requires efficient smoothing techniques.

The typical functional data analysis approach is to fit each curve indi-
vidually using expansion in basis functions. Common basis functions for
smoothing functional data are B-spline basis and Fourier expansions. In our
model, we use Gaussian radial basis function with hyperparameter (Ando
et al. (2002)). An advantage of this basis expansion is that it controls the
amount of overlapping among basis functions and adopts the information of
the desired outputs. For background about radial basis function networks,
we refer to Moody and Darken (1989), Poggio and Girosi (1990).

Suppose we have N independent observations {(z;,t;);t; € 7,1 =1,2,- -,
N}, where z; are random response variables and ¢; are explanatory variables,
assuming that they are drawn from the Gaussian nonlinear regression model

xizu(ti)—l-ei, i=1,---, N, (1)
where u(t) is a smooth function to be estimated, and the errors ¢; are inde-
pendently, normally distributed with mean zero and variance o2. We consider

the function u(t) that can be expanded in the form of the radial basis function
network taking the following form;

u(t;w) = 3 wrdi(t) + wo, (2)
k=1

where w = (wg, w1, -+, wm)? and ¢p(t) are a set of Gaussian radial basis
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functions with hyperparameter v given as

2

(bk(t;ukaglz):exp{_%}a kzlv"'am7 (3)
where py is a scalar determining the location of the kth basis function, oy
is the width, v is a hyperparameter. The function 4(t) = x(¢) which is
estimated from the observed data {(x;,t;);4=1,---, N} is called ‘functional
data’, and is proceeded to further analysis.

The nonlinear function u(t) is estimated in two-stage procedure; position
the centers and determine the dispersions first, then calculate the weights us-
ing an appropriate optimization schemes. This two stage learning is reported
to solve the problem of convergence and the identification problem. Among
several strategies, k-means clustering method algorithm is used to determine
the centers yy and the dispersion parameters o of the basis functions. More
precisely, observation points {t1,---,ty} are grouped into m clusters {C1,
-+, Cp}, where m is a given number of radial basis functions. Then the
centers and the dispersion parameters are determined by

1 1
2 2
Ck = § Ly, 5k = - § (ti = cx)”,
k t; €ECk k t; €Ck

where nj represents the number of data which belong to the cluster Cj. We
define the basis function ¢ (t; ¢k, s3) using those estimates as ¢y (). Hence it
follows that the nonlinear regression model based on the radial basis function

network can be written as
zi —w ot}
Flaaltis w,0%) = s exp l—{ W b)) | @

2no 202
where ¢(ti) = (la (z)l(t’i), T (bm(ti))TD

In fitting data with complex structure, the maximum likelihood method
does not yield satisfactory results, since it often occurs overfitting and yields
unstable parameter estimates. Moreover, in smoothing functional data, all
individual data should be fitted by using the common basis functions in our
model. In other words, the number of basis functions is fixed even though
the amount of smoothness imposed on a set of discrete data will be differ
from each other. Therefore the unknown weights and the error variances
are estimated by regularization method. Regularization allows us to adjust
individual differences by a smoothing parameter. In addition, implement-
ing the hyperparameter and adjusting the smoothing parameter capture the
structure in the data flexibly.

The regularization method maximizes the penalized log-likelihood func-
tion

N
N
b (w,0%) = Y log f(wits;w,0) — 1w D] Dow, (5)

i=1
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where DI Dy is the second order difference matrix and ~ is called a smoothing
parameter which adjusts the amount of smoothness and also avoids ill-posed
problem. The maximum penalized likelihood estimates are

N
& = (87% + NBDL Do) '0Ta, 6% = % Z:{asi _oTt))2,  (6)

where ® = (¢(t1), d(t2), -, d(tn))T, B=~0% and = (z1,---,zn)7.

The number of basis functlons m, the adjusted parameters v and 7y are
determined by using an information criterion given by Ando et al. (2002).
Thus the observed discrete data {(z;,t;);t; € T,i=1,---, N} are smoothed
by the method described above and we have a functlonal data given by x(t);

Zwk(bk + & = (), teT. (7)

Marx and Eilers (1999) used B-splines expansion with regularization,
called P-splines, and applied the procedure to medical diagnosis and phoneme
recognition.

3 Functional logistic discrimination

Suppose we have n independent observations {(z4(t), go); o = 1,---,n},
where x,(t) are functional predictor variables and g, are indicators of the
group membership. For example, we consider two-class classification, i.e.
k=1 or 2, go = k implies that it belongs to class Gj. A set of functions
smoothed by the Gaussian radial basis function smoothing method are given
by

xoz(t) :w£¢(t)7 a=1,---,n, (8)

where w,, are estimated parameter vectors and ¢(t) is a vector of Gaussian
basis functions given in equation (3).

A Bayes rule of allocation is to assign z,(t) to group G (k = 1, 2) with the
maximum posterior probability Pr(g = k|z4(t)). We consider the log-odds
of the posterior probability given in the following form;

Pr(g = 1[za(t)

tou { pri =g =Y = s+ [ sty )

By making use of the same Gaussian radial basis function ¢(t) as in (8), we

expand the functional parameter as 5(t) = Bo+>_ ., Bidi(t) = BLot)(e T),

where B3 = (8o, 1, -, Bm)’. We denote the posterior probability Pr(g =

lza(t)) = 7(za(t)), so that Pr(g = 2|z4(t)) = 1 — w(z4(t)). Then the
log-odds model (9) can be expressed as

wat) \_ gr
ox{ 202 oy = 74 1o
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where Z is an n x (m + 2) matrix given by

r [ 1 1 /£ . Vi
Z = ®Tw, ®Twy ... ®Tw, (11)

with (m +1) x (m+ 1) matrix ® having ¢, = [ ¢;(t)éx(t)dt as the (4, k) th
element.

We define the binary variable y, coded as either 0 or 1 to indicate the
group membership of a sample, where y, = 1 if g, = 1 and y, = 0 if g, = 2.
The log-likelihood function is

1(B) =Y lyalogm(wa(t)) + (1 = ya) log{l — m(za (1)}, (12)

a=1

where 7(z4(t)) = exp(ZLB)/{1 + exp(ZLB3)}. We estimate the parameter
vector 3 by maximizing the penalized log-likelihood function

B) 28" D Do (13)

This is because regularization method yields estimates with lower variances,
even though they are biased. Therefore we obtain the solution B \ by the
iterative algorithm like Newton-Raphson algorithm.

The crucial issue on regularization method is the choice of the optimal
value of smoothing parameter A\. We obtain an information-theoretic cri-
terion within the framework of functional data analysis. An information
criterion for evaluating functional logistic discrimination model estimated by
regularization is of the form

GICp = —2logl(B,) + 2trQ 'R, (14)

where @ and R are (m + 2) x (m + 2) matrices given by the first and sec-
ond derivatives of equation (13). We choose the smoothing parameter A to
minimize GICg.

4 Real data example

In this section we show the effectiveness of the proposed method through the
analysis of the yeast cell cycle gene expression data collected by Spellman
et al. (1998). Gene expressions for all 6,178 genes in the yeast genome
were measured by cDNA microarrays over time during about two cell cycles.
These data contain 77 microarrays and consist of two short time-courses (two
time points) and four medium time-courses (18, 24, 17 and 14 time points).
Spellman et al. (1998) identified 800 genes as cell cycle related genes based
on the clustering analysis, and also grouped these genes into five classes, G1,
S, G2, M, and M/G1, by considering peaks in the expression patterns. Figure
1 shows the expression patterns of the 800 genes in the five classes.
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Fig. 1: Raw gene expression patterns during the yeast synchronization ex-
periment.

In our analysis, we concentrate on the time-course “a factor-based syn-
chronization experiment data” (18 time points), for simplicity excluding the
genes containing missing values. That is, the expression patterns of 612 genes
out of 800 cell cycle related genes are used in our analysis, and those expres-
sion data are considered as a discretized realization of 612 expression curves
evaluated at 18 time points. Note that microarray data usually contain ob-
servational noise. Therefore, the smoothing that we will first perform has an
important role to remove the observational noise from expression data. In
addition, since the gene expression pattern of each cell cycle related gene can
be considered as a function of time, the proposed method is appropriate for
analyzing time course gene expression data.

We carried out two-class logistic discrimination for all possible combina-
tions. In order to evaluate the effectiveness of our FLDA model, the genes in
each class were randomly assigned into training data and test data. That is,
the FLDA model is estimated by using the training data, and the predictive
ability of the estimated model is evaluated by the test data.

We first performed the Gaussian radial basis smoothing method described
in Section 2 to the time-course expression data {(¢;,z;;);¢ = 1,...,18;5 =
1,...,612}, where t; is the ith time point and x;; is the expression value of
jth gene at time t;. In the functional discrimination analysis, each smooth-
ing step has to be carried out by using the same number of basis functions.
Hence the differences of the degree of smoothness between different gene ex-
pression patterns can be adjusted by the smoothing parameters. However,
since there are various gene expression patterns in the same group, adjust-
ing their smoothness by using only the smoothing parameter might not be
enough. In such a case, the proposed radial basis function smoothing method
with the hyperparameter works efficiently in practice.
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Fig. 2: Smoothed gene expression patterns by the Gaussian radial basis func-

tion networks with hyperparameter.

Figure 2 shows examples of two G1l-grouped genes with the Gaussian ra-
dial basis smoothing curves. Although there are various types of expression
patterns in the same class, we succeeded in extracting the effective expres-
sion curves that are possibly close to the real expression patterns. We observe
that the hyperparameter allows flexible curve fitting, and the smoothing pa-
rameter adjusts the differences of gene expression patterns effectively.

The linear discriminant analysis (LDA) and the quadratic discriminant
analysis (QDA) are the most popular classical method for discriminant anal-
ysis. We compare FLDA evaluated by the criterion GICr with LDA and
QDA which analyze discretized data directly. For almost all combinations of
the classes, the proposed method yields a lower test error. We suggest inves-
tigating genes that were classified in the opposite group with high posterior
probability, since they may have been misclassified by Spellman et al. (1998).

5 Conclusion

The functional logistic discriminant analysis proposed in this paper appears
to be a useful tool for classifying functions or curves. An advantage of our
method is that one could treat the samples as a set of functions, hence the
problems of the observational point difference and highly correlated data are
overcome. Also the model selection criterion enables us to evaluate models
subjectively. Potential research would be extending our modeling strategy to
the case of sampled surface for multi-group classification.
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